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Womology and Central Series of Groups 
Jorr~ STALLINGS* 
The homo~og~r, in low dimensions, of a group is related to the lower central 
series of the group. Some interesting theorems of Baer [I] and Tam’s proof [9] 
of results of Huppert [5] and Thompson [IO], f11] have validated this hypo- 
thesis. 
The homology, in low dimensions, of a space is related to that of its fun- 
damental group. Chen [3] and Milnor (81, in their work on numerical inva- 
riants of isotopp, use this fact and the connection with the lower central 
series. 
By a simple homolog~cal method, we shall here obtain extensions of these 
results. A rather less trivial investigation leads us to a homological condition 
which assures the freeness of certain subgroups. 
We acknowledge the help which T. Petrie, C.-H. Sah, R. H. Fox, and 
C. T. C. Wall have given to simplify and sometimes correct certain proofs. 
Here are our major results: 
There is a ~a~urul exnct sequence: 
where TV‘ is a normal su~~ruup of G with quotient group Q. 
Let h : A -+ B be a humorn~r~~~sm of groztps, i~~~in~ a7t isumorp~Iism 
H,(A) cs H,(B) and rn~~~~n~ H2(A) oplto H&B). Thea, for finite n, Fa, induces 
an isomurp~ism A/A, zs B/l& . h induces an embedding AjAw C BIB, . If h 
is onto, then it induces an i~~~~~~~p~isrn far every ordinal a, A/As FZ B/B, . 
Here G, denotes the oath term of the lower central series of G. These 
results include some of Baer. 
There are similar results using coefficient group Z, . The Huppert- 
Thompson-Tate theorem comes from this. 
* Sloan Foundation Fellow. 
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Some of the Chen-Milnor results follow by considering a map of spaces, 
f : X -+ Y, and the resultant homomorphism of fundamental groups. 
The result on free subrgoups is this: 
Let H,(G; K) = 0, w h ere G is a group and K a$eld: let {x~} be a subset of G, 
which, considered in H,(G; K), is linearly independent. Then {xa} is the basis 
of a free subgroup of G. 
1. NOTATION 
If G is a group and M a G-module, then there are defined [2] homology 
groups H,(G; M). 
2 or Z,, will denote the additive group of the integers; Z, will denote, for p 
prime, the group containing p elements; R will denote the additive group of 
the rational numbers. These groups will be considered to be G-modules, 
by letting G act trivially on them. 
To reduce the proliferation of indices, in all the following discussion (except 
for the section on coefficient group R) it will be assumed that a choice of p, 
either as 0 or a prime number, has been made. 
H,(G) will denote H,(G; Z,). 
Let U be a subgroup of a group G. Then G # U will denote the group 
generated by all elements of G of the form 
gug-4-w, for g E G, u, v E U. 
For all ordinal numbers a: the group G, is defined thus: 
G, = G 
G a+1 =G#G, 
G, = n G, , if /3 is a limit ordinal. 
a-+ 
Obviously, (G,J is a central descending series. For p = 0 it is the lower 
central series; for p # 0 it is the most rapidly descending central series 
whose successive quotient groups are vector spaces over the field of p ele- 
ments. 
One easily proves by induction that if h : A -+ B is a homomorphism, then 
for all OL, h(A,) C B, , In particular, A, is normal in A. 
2. THE EXACT SEQUENCE 
Let N be a normal subgroup of G and Q the quotient group G/N. Let M 
be a G-module. M is then also an N-module, and H,(N, M) is a Q-module. 
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It is proved in Cartan-Eilenberg [2] that there is a spectral sequence 
In any spectral sequence there is an exact sequence for terms of low degree 
([2], p. 328). It is in this case as follows: 
4 H,(G; MI) - H,(Q; H&V; M)) --f 0. 
Consider the special case M := Zp , Then H,(N; 2,) is isomorphic as a 
Q-module to Z, . But H,(N; Z,) as an abelian group is isomorphic to N 
made abelian with pth powers set equal to zero; in other words, it is isomor- 
phic to Nj;“v- # N; Q acts on it by conju%at~on. Therefore, H&Q; E-l,(A’; Z,)), 
which is isomorphic to the quotient of H,(N; Z,) by the action of Q, is iso- 
morphic to N/G # A’. 
Summarizing the discussion: 
2.1 THEOREM, lf N is u ~orrnal subgroup of G a?zd (, = G/IL’, then theve is 
an exact sequence 
H,(G) --f H,(Q) -+ N/G # N-t H,(G) --+ H,(Q) -+ 0. 
If  IV’, G’, Q’is another such situation and h : G--r G’is a homomorphism such that 
h(N) C :V’, then the Tao exact sequences together with the induced homomor- 
~his?~s betzeen co~~espo~d~ylg terms ~~~33~ n ~o?nlnl~t(~ti~?e d~a~~rarn. 
The latter sentence of the theorem (the naturality of the exact sequence} 
follows from the fact that the spectral sequence and the various isomorphisms 
which we mentioned are natural. 
In case p = 0, the theorem can be proved using Hopf’s description [4] of 
H,(G) as (R n (F # F)):‘(F # R), where F is a free group and F/R is isomor- 
phic to G. It is then a matter merely of so describing each term of the exact 
sequence and the obvious maps and establishing exactness directly. Presum- 
ably, for p f  0, a similar proof could be concocted. This would have the 
Pyrrhic advantage of eliminating the use of spectral sequences. 
3.1 LEMMA. Let h: A --f B be a homomorphism of groups such that h 
induces an isomorp?zism H,(A) a HI(B) and a mup~ing of N,(A) oao H,(B). 
Let a: be an ordinal number such that h induces an isomorphism AjAa SW B/B, 
Then h induces ~so~no~phis?~zs Aa/Anll hy B,jBX+l and A/A,+, = B/B,,I . 
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Proof. Take G = A, G’ = B, N = A,, N’ = B, . The diagram from 
Theorem 2.1 is this: 
H,(A) - &(A/&) - A&&cl + f&(A) - fUW.J 
1 1 1 1 1 
f&(B) - S(BIBa) - &/&+I + f&(B) - WV%) 
The first vertical homomorphism is onto and the fourth is an isomorphism, 
by hypothesis. Since, by hypotheses, AlAa -+ B/Ba is an isomorphism, the 
second and fifth vertical homomorphisms are isomorphisms. Therefore, by 
the Five Lemma, the third vertical map is an isomorphism; this is the first 
part of the conclusion. 
A/A,,, is an extension of A,/A,+, by A/Am, and similarly for B. We just 
proved that the induced map A,/A,+, + Ba/B,+l is an isomorphism; by 
hypothesis, the induced map A/As + BiBa is an isomorphism. Using a 
nonabelian “Five Lemma,” then, A/A,+, is mapped isomorphically onto 
BIBa+, . 
3.2 LEMMA. Let h : A + B be a homomorphism, and let /3 be a limit ordinal 
such that, for all 01 < /3, h induces an isomorphism A/As m B/B, . Then the 
kernel of the induced map A/A, --f BIB, is trivial. (Or we may say h induces an 
embedding A/A, C BIB, .) 
The proof is straightforward, hence omitted. The induced map 
A/A, + B/Be need not be onto; for example, let A = B be the free group 
with basis (x, y} and let h be defined by h(x) = x and h(y) = y~yx-~y-~. 
Taking p = 0, we easily check that h induces an isomorphism on Hi, and, 
since H,(B) = 0, maps H,(A) onto H,(B). Therefore, 3.1 applies, beginning 
with a = 0, and proceeding inductively through the finite ordinals; for n 
finite, h induces an isomorphism A/An m B/Bn 
Let w denote the first infinite ordinal. It is well-known that, in a free 
group, the intersection of the lower central series is trivial. Thus the induced 
map AjAw -+ B/B0 coincides with h; and h is not onto, because y  is not in 
the image of h. 
However, 
3.3 LEMMA. Let h : A -+ B be a homomorphism onto; and let /3 be a limit 
ordinal such that, for all cy. < /3, h induces an isomorphism A/A, m BIB, . 
Then h induces an isomorphism AlA, w BIB, . 
In view of 3.2, we need only show A/A, + BIB, is onto. This follows from 
the fact that A -+ B and B -+ B/Be are onto, and A + AlAa together with 
the other maps form a commutative diagram. 
We can summarize these results now. 
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3.4 THEOREM. Let h : A ---f B be a homomorphism which induces an iso- 
morphism H,(A) m H,(B) and which maps H,(A) onto H,(B). Then for all 
finite n, h induces an isomorphism AjAn e BIB,; fey the$rst infinite ordinal w, 
h induces an embedding A/Aw C B/Be . If, in addition, h is onto, then for all 
ordinals 01, h induces an isomorphism A/A, * B/BE 
The proof is by induction, beginning with n = 0, utilizing 3.1. At limit 
ordinals, we use 3.2 or 3.3. 
3.5 COROLLARY. Let h : A - B be a homomorphism of nilpotent groups, 
inducing an isomorphism H,(A) w III(B) and mapping H,(A) onto H,(B), 
using homology with integer coeficients. Then h is an isomorphism. 
This follows, using p = 0, from 3.4 and the fact that a group G is nilpotent 
if and only if for some finite n, G, is trivial. 
These results extend some due to Baer [I]. Most of the other results in 
this work of Baer can be proved similarly. 
4. A RESULT FOR FINITE GROUPS 
In this section, we assume that p has been chosen nonzero. We shall apply 
Theorem 3.4 to a situation where h : A + B is an inclusion of a subgroup A 
into a finite group B. 
4.1 LEMMA. Let A be a subgroup of finite index in a group B, and let 
the index [B : A] be prime to p. Then for all n, the homomorphism induced by 
the inclusion A C B, namely H,(A) - H,(B), is onto. 
Proof. The transfer homomorphism [2] t : H,(B) + H,(A) is defined, 
and the composition H,(B) - H,(A) - H,(B) is multiplication by the index 
[B : A]. Since these groups are vector spaces over 2, and [B : A] is prime to 
p, the composition is an isomorphism; hence H,(A) -+ H,(B) is onto. 
So, in this case, we get part of the hypothesis (that H,(A) + H,(B) is onto) 
of Theorem 3.4 painlessly. 
4.2 LEMMA. Let A be a group of order a power of p. Then for some finite n, 
A, is trivial. 
Proof. It is well-known that A must be nilpotent. The successive quotient 
groups of the lower central series are p-primary abelian groups, and hence 
have composition series whose quotient groups are vector spaces over 2, 
Hence A has a central series whose successive quotient groups are vector 
spaces over Z, . The series {An} descends at least as fast as this series, and 
hence is eventually trivial. 
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4.3 THEOREM. Let S be a subgroup of the finite group G, such that [G : S] 
is prime to p, and such that (with coefficients Z,) H,(S) is isomorphic to H,(G). 
Then, for all n, the inclusion S C G induces an isomorphism S/S, m G/Gn 
of the quotients of the groups by terms in the central series corresponding to p. 
If S is a Sylow p-subgroup of G, and, ;f  the p-p rimary parts of the commutator 
quotient groups S/[S, S] and G/[G, G] have the same rank, then there is a 
normal subgroup N of G such that S n N is trivial and G/N is isomorphic to S. 
Proof. The first paragraph follows from 3.4 and 4.1; by 4.1 the induced 
maps H,(S)+ H,(G) and H,(S)+ H,(G) are onto; since H,(S) and H,(G) 
are, by hypothesis, isomorphic finite groups, the map on HI is an isomor- 
phism. The conclusion follows from 3.4. 
If  S is a Sylow subgroup, then S has order a power ofp and [G: S] is prime to 
p. Also, H,(S; Z,) is isomorphic to HJS; Z) @ Z, and H,(S; Z) is isomorphic 
to S/[S, S]; similarly for G. Hence the condition on commutator quotient 
groups implies H,(S; Z,) is isomorphic to H,(G; Z,). By the first paragraph 
of the theorem, for all n the map S/S, -+ G/G* is an isomorphism. By 4.2, 
for some n, S, is trivial; define N to be G, . 
This theorem is due to Tate [9], whose proof is dual to that given above. 
5. TOPOLOGICAL REMARKS 
Let K be a connected cell-complex (alternatively we could consider singu- 
lar homology of a path-connected space). By adding cells of dimensions. 
> 3 to K, the homotopy groups in dimensions 3 2 can be killed; thus K 
can be embedded in an aspherical complex L such that L - K contains no 
cell of dimensions < 2. Then H,(L) is naturally isomorphic to H,(G), where 
G is the fundamental group of K. Noting that H,(L, K) = 0 for n < 2, 
and using the exact homology sequence, we see that H,(K) m H,(G) and 
that H,(K) maps onto H,(G). 
5.1 THEOREM. Let f : K -+ L be a map of connected cell-complexes, which 
induces an isomorphism H,(K) m H,(L) and which maps H,(K) onto H,(L). 
Let A and B denote the fundamental groups of K and L. Then for all$nite n, f 
induces an isomorphism A/An w B/Bn . 
(Remember: This theorem has a different context for each choice of p.) 
Proof. By our observations preceding, the hypotheses imply that f 
induces an isomorphism H,(A) w H,(B) and maps H,(A) onto H,(B). This 
latter assertion is true because the natural maps H,(K) + H,(A) and 
H,(L) ---f H,(B) are onto, and by hypothesis H,(K) + H,(L) is onto; hence 
the one remaining map in the diagram, namely H,(A) + H,(B), is onto. 
The theorem then follows from 3.4. 
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A specific application can be made to I-equivalence. 
Let X and Y be compact subsets of the R-sphere P. That S and Y are 
~-e~~~~~~~~~ means that in S” x (0, l] there is a set 2 such that 
ZnS=xO=XxO and ZnSnx I--=Yxl. 
and such that 2 is homeotnorphic to X x [0, I] in such a way that X x 0 
corresponds to X x 0 and Y x 1 corresponds to X x 1. I-equivalence is a 
weaker relation than isotopy. 
Using the Alexander Duality Theorem, one can easily show that in the 
above situation, for all k, the maps H,(S” .- X)- Hti(S” ?: [O, 1] - Z) 
and lik(SD - Y) + H,(SV8 x [0, I] - 2) are isomorphisms. 
Proof. With the above notation, let C be the fundamental group of 
Sn x [0, l] - Z. Theorem 5.1 shows that A/A, w C/C, and B/R, FS C!C, . 
These results help explain some of the theorems of Chen [3] and 
Milnor 181. 
It would be quite interesting and important to know how the quotient 
groups of the central series (G,) can be described in terms of llomological 
invariants connected with N, and Hz . It seems certain that the CL-invariants 
of Milnor and the Massey products [7] have something to do with this, but 
we have not pursued the investigation further. 
6. FREE SUBGROUPS; THE CASE OF ~OE~FI~IE~T GROUP L?:, 
It is a theorem of Magnus [6] that the intersection of the lower central 
series of a free group is trivial. We shall now prove this for the case of coef- 
ficient group 2, _ 
Let F denote the free group with basis (xx). Let @ be the ring of non- 
commuting power series in the variables (&a) with coefficient ring the domain 
Z, . Then 1 -1 s’, is a unit in @‘, its inverse being 1 - 6, + &:, - <X3 -t - T.V. 
Let h be the homomorphisxn of F into the group of units of @, determined 
by h&,) = I + 5, . 
I f  Q E sf, define the d~~e~~o~~~ dim 8, to be the n~inimum degree of the 
monomials occurring in the power series Q. Thus dim 0 = CO; dim a = 0 
if a E Z, and a # 0; dim & = 1; dim &Qz = dimQ1 + dim pa; and 
dim u = 0 if u is a unit in Sp. 
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Define Qn to be the set of all elements of @ of dimension > n. Clearly 
0, is a two-sided ideal of @. 
6.1 LEMMA. The homomorphism h is an embedding. 
Proof. Let w be any nontrivial element of F; we shall prove dim 
(h(w) - 1) < co, and hence h(w) # 1. 
w may be written as a reduced word relative to the basis (q}. 
where ni is a nonzero integer and, for 1 < i < k, ai # ai+i , and where 
k 3 1. 
Consider h(xan) where n > 1; this is (1 + &J” = 1 + ... + &“; let 
dim [(l + &‘,)” - l] = r < n, so that, modulo @,. , (1 + cm‘,>” = 1 + a&r 
and a $; 0. Clearly, modulo @r , (1 + 5,))” = 1 - at,‘. 
Define now 
ri = dim [(l + [,,)I”“’ - 11, 
so that modulo @ri, 
(1 + 5,)‘““’ = 1 + ait:: * 
In h(w), all monomials will be of the form 
The coefficient of (2 ... (2 will be f  a, ... uk # 0. Therefore, we have 
proved that 
dim [h(w) - l] < rl + ... + rk < n, + ... + nfi < co. 
6.2 LEMMA. Let w E F, , where {Fa} is the central series in F corresponding 
to p. Then dim (h(w) - 1) > n + 1. 
Proof. We prove a number of propositions. 
(A) For any w EF, dim (h(w) - 1) > 1. Obvious. 
(B) Let 
dim (h(u) - 1) > r and dim (h(w) -- 1) > r; 
then 
dim (h(uv) - 1) > r and dim (h(u-l) - 1) > r. 
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For, in other words, h(u) =S I=7 h( ) u modulo @r-i. Hence h(uv) = h(u) h(v)= 1 
and h(u-i) = (h(u))-l = 1, modulo DrP1 
(C) Let dim (h(u) - I) > Y > 1. Then dim (I ~ 1) ;? Y + 1. 
For, modulo Qr , h(u) - 1 -I- Q, where Q is a homogeneous polynomial of 
degree Y. Then h(up) = (h(u))p == 1 + pQ, modulo @? Since p annihilates 
the coefficient domain, therefore h(ufl) :m 1 modulo @,,. 
(D) Let dim (h(u) ~~ 1) 3 r > 1 and w EF. Then 
dim (h(z~uw-~-u~~) ~ 1) 3 r + 1. 
For, modulo @r , h(u) = 1 -- Q, where Q is homogeneous of degree r. 
Hence h(u-‘) = 1 ~ Q modulo @r Also, modulo Qr , h(w) A 1 + S and 
h(w-I) = 1 f  T where 5’ and T have dimension > 1. Hence, modulo @r , 
h(wuw-Q-l) = (1 + 5’) (1 + Q) (1 + T) (1 ~ Q) 
-1 +s --Q+T-Q+sQ-ST-sQ+QT-Q’-TQ 
+ SQT - SQ2 - STQ - QTQ - SQTQ 
mG 1 + AS - T + ST G (1 + S) (1 + T) = h(zuwpl) = 1. 
Conclusion of Lemma 6.2’s Proof. The proof is by induction on n. For 
n = 0, this is just proposition (A). Djow, &+, is the group generated by 
elements wuw-lu-l and up for w E F and u E F, By proposition (b), we need 
check the lemma only on such generators. That is what propositions (D) and 
(C) have done. 
6.3 THEOREM. For a free group F, the intersection of the central series 
corresponding top, F, , is trivial. 
Proof. According to Lemma 6.2, if w EF, , then dim (h(w) - 1) = co. 
Hence h(w) = 1. Hence, by Lemma 6.1 w = 1. 
An interesting, irrelevant corollary is. 
6.4 COROLLARY. If w is any nontrivial element of a finitely generated free 
group F, and p is any prime number, there is a normal subgroup N in F which 
does not contain w, such that F/N is jinite of order a power of p. 
For, we take N to be one of the groups F, It is easily seen that F,, must be 
of finite index in F. 
We recall that if G is a group, then H,(G) is naturally isomorphic to the 
tensor product of 2, and the commutator quotient group of G, and this is 
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isomorphic to G/G # G. To consider a set of elements of G as belonging to 
H,(G) will mean to consider the image of this set under the homomorphism 
G-+G/G#G. 
6.5 THEOREM. Let G be a group and p a prime number, such that 
H,(G; 2,) = 0. Let {xx} b e a set of elements of G, which, considered as belonging 
to H,(G; Z,), is linearly independent, over the field 2, . Then {x,> is a basis of a 
free subgroup of G. 
Proof. Since G + H,(G; 2,) is onto, we may, by the axiom of choice, 
enlarge the set {x,} until its image in H,(G) is a basis of H,(G) as a vector 
space over 2, . We prove this larger set is the basis of a free subgroup. 
In other words, we consider this case: Let F be the free group with basis 
{xJ and let h : F ---f G be the homomorphism h(x,) = x,; then h induces 
an isomorphism H,(F) M H,(G). Now, since H,(G) = 0, the map 
H,(F)- H,(G) is onto. By Theorem 3.4, h induces an embedding of FIF, 
into G/Go . By Theorem 6.3, F, is trivial; so the composition F -+ G -+ G/Gu 
is an embedding; and so F--f G is an embedding, which was to be proved. 
7. THE CASE OF RATIONAL COEFFICIENT GROUP 
In this section, the coefficient group of all homology groups will be R, the 
additive group of rational numbers. 
For any group G, we describe another descending central series as follows: 
G, = G 
G a+1 is generated by all commutators xux-i~-~ for x E G, u E G, , and by 
all elements w of G, , some nonzero power of which is a product of such 
commutators. In other words, G,,, is the smallest group such that G,JG,+i 
is central in G/G,+, and torsion-free. 
Ge = nor+ G, if fi is a limit ordinal. 
This is the most rapidly descending central series whose successive 
quotients are torsion-free. 
To utilize the previous notation, if N is normal in G, we may describe 
G # N as the smallest group such that N/G # N is central in G/G # N and 
also torsion-free. 
The exact sequence described in Section 2, using M = R, now becomes 
is: 
th H,(G) - Hz(Q) + (N/G # N) 0 R - H,(G) --+ f&(Q) + 0. 
To see this, we must investigate H,,(Q; H,(N; R)). This is isomorphic to 
H,(Q; H,(N, 2)) @ R. We know from earlier discussion that H,,(Q; H,(N, 2)) 
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is isomorphic to N/[G, N]; taking the tensor product with R ignores the 
torsion subgroup; and hence the result is isomorphic to (N/G # N) @ R. 
7.1 LEMMA. I f  =1 is a torsion-free abelian group, then the natural map 
H,(A, R) - H,(A 3 R; R) is an isomorphism. 
Proof. The map is induced by an inclusion A C A 8 R whose quotient 
A @ R/A is a torsion group. The homology of a torsion group with coeffi- 
cients in a vector space over R is trivial. Hence the spectral sequence relating 
H,(A @R/A; H,(A)) and H,(A @ R) co a 11 p ses, giving the above isomor- 
Ph ism. 
7.2 LERIMA. I f  N is a central subgroup of G with quotient group 0, and 
similarly for N’, G’, <I’, and if h : G + G is a homomorphism which takes N 
into LV’ and indzlces ,for all n isomorphisms 
H,(N) 2z H&V’) and HnK?) * ~~,,Kl’), 
then for all n, h induces isomorphisms H,(G) % HJG’). 
Proof. Since S and :V’ are central, H,,(:V) and H,(iV’) are trivial modules 
over 0 and 0’ and are vector spaces over R. Hence the hypotheses imply the 
induced maps I[,(,‘); I$,(:\:)) - HJQ’; HJN’))are isomorphisms.Therefore, 
using the usual spectral sequence, the induced map on I?” being an isomor- 
phism, it follows that the induced map on homology, namely 
is an isomorphism. 
H,,(G) - II,I,,(G’), 
7.3 THEOREM. Let h : L4 - B a homomorphism of groups such that, zuith 
rational coejicients, it induces an isomorphism I-I,(A) % H,(B) and maps H,(A) 
onto H,(B). ‘Then, .for alljnite n, h inducrs isomorphisms 
(-4,,&-31,) OR % (B,,-,:B,) 0 R 
and for all k H,(A,‘iZ,) 2 H,JB,‘B,T); h induces embeddings A/A, C BIB, and 
an embedding A/A, C B/B, at the first infinite ordinal W. 
Proof. By induction on n. For 11 = 0 it is a triviality. At the inductive 
step, let G = A, G’ = B, :V = A,, , iV’ := B, , Q = -~,IA, , 0’ = BIB, 
Itwill have been proved that H&?) + H,.(Q’) is an isomorphism for all k, 
in particular for dimensions 1 and 2; hypothesis provides the rest of the 
material needed to conclude from the Five Lemma that the map 
~O~~OLOGYOFGROUPS 181 
is an isomorphism. It follows from 7.1 that for all k, 
is an isomorphism. It follows from 7.2, using An!A?a+l C A/A,,, with quo- 
tient group Q, etc., that for all k, Hk(A/A,,,) -* Hk(B/B,,,) is an isomor- 
phism. Since (A~~A~~~) @ R-+ (~~I~,‘+~) @ R is an isomorphism and 
4/-&+1 and B,/B,+r are torsion-free, the map A,/A,.kl -+ E&/B,+, is an 
embedding. A map which induces embeddings on quotient groups of com- 
position series, is itself an embedding, hence A/A,+1 C B/B,+l is an embed- 
ding. 
Finally, if ~$‘~4~ + B/Bat had nontrivial kernel, then for some finite n 
the map A/‘An -+ B/3, would have nontrivial kernel. 
Now, one can prove that for a free group F, the subgroup Fw is trivial. 
One imitates the proof in the case of characteristic p; embed F into the ring 
of noncommuting power series over i?, and prove that for w E F, the dimen- 
sion of h(w) - 1 is at least n + 1. There are no difficulties in the proof, and it 
is anyhow a well-known result of Magnus [6] that (a) the quotient groups 
of the lower central series of F are torsion-free, and hence (F,) is the lower 
central series; and (b) the intersection of the lower central series of F is trivial. 
And so exactly as in the case of characteristic p (Theorem 6.5), we prove: 
7.4 THEOREM. Let G be a grorrp, such that with r~t~o~a~ coe~c~~ts, 
Hz(G) = 0. Let (xJ b e a set of elements of G, which, comidered ile H;(G) are 
linearly indepdent over the rational numbers. Then (xJ is a basis of a free 
sub<poup of G. 
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